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CREEP BUCKLING OF A CYLINDRICAL SHELLt
UNDER NON-UNIFORM EXTERNAL LOADS

LARS AKE SAMUELSONt

Lockheed Palo Alto Research Laboratories,
Palo Alto, California

Abstract-A method of analysis is presented for circular cylindrical shells under non-uniform external loads.
The equations are valid for moderately large displacements and take secondary creep into account. Thermal
effects and initial imperfections are included.

As the general equations are non-linear, an iterative method is used in the numerical analysis. The non­
linear terms are at a certain iteration considered as known, generally determined by the previous iteration. They
may thus be regarded as pseudo loads which are added to the actual external load terms. The variables of the thus
linearized differential equations are expanded in Fourier series with respect to the circumferential coordinate.
As a result, a series of sets of ordinary differential equations is obtained, one set for each Fourier index. These
sets of equations are solved by use of a finite difference method. For each load or time step the equations are
repeatedly solved until convergence is obtained.

A computer program was developed and was verified by comparison with known solutions for elastic buckling
of shells. The theoretical behavior of a cylinder under creep is demonstrated for a number of different loading
conditions, in particular the response is studied of an imperfect shell under uniform loads. In the case of external
pressure, the critical time was found to be extremely sensitive to the imperfection shape. For a short cylinder
under axial compression the presence of initial imperfections was shown to shorten the creep life substantially in
comparison with the critical time corresponding to axisymmetrical collapse of the perfect shell.
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Coordinates
Time
Temperature
Displacements in the x, cp and z directions
Strains
Stresses
In-plane forces }
Shear forces
Bending moments Defined in Figs. 2 and 3.
Body forces
Nonsubscripted, applied axial compressive load
Radius of shell
Length of shell
Wall thickness
Membrane distance in the idealized sandwich shell model, Fig. 1.
Young's modulus
Poisson's ratio
Creep constant
Creep exponent
Coefficient of thermal expansion
Stiffness coefficients defined by (8}--(lO)
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t Research Scientist, Sr., Aerospace Sciences Laboratory, presently at the Aeronautical Research Institute of
Sweden (FFA).

91



92 LARS AKE SAMUELSON

H j-H6 Creep terms, equations (13)
P, Q, R Right hand sides of equations (14)
Llx Step length in axial direction
LlqJ Step length in circumferential direction used in the numerical evaluation of HI - H6

At Step length in time
/l Fourier coefficient number
a,--a 29 Coefficients of the finite difference equations (21)
N p Number of "panels" in the circumferential direction
NF Total number of Fourier terms to be used in the analysis
Nr Number of mesh points in the axial direction L tJ.x(Nr-I)
AL , Au Limits determining the accuracy of the time integration
e Convergence criterion in the iteration procedure
(j) Denotes differentiation with respect to time or load.
(f)' Differentiation with respect to the axial coordinate x
err Differentiation with respect to the circumferential coordinate qJ
Dimensions: In the specific examples below the dimensions of millimetres, kilograms and hours were used but,

naturally, any dimensional system may be utilized.

INTRODUCTION

THE SOLUTION of the general shell equations is very complicated, particularly if non­
symmetric loading is considered, and even for the case of elastic shells, solutions became
available only recently. A first analysis was presented by Kalnins [IJ, who solved the linear
equations for a shell of revolution under arbitrary loads. He separated the variables by
expanding them into Fourier series with respect to the circumferential coordinate and thus
obtained a series of uncoupled ordinary differential equations. These were solved by use
of a numerical method. Such separation of the variables is however, in general, possible
only in the linear case.

In a recent report, Ball [2J, treated the same problem, but, in addition, the geometrically
non-linear terms were included in the analysis. The equations were solved in a way similar
to that by Kalnins. The effect of the non-linear terms was taken into account by use of an
iterative method. As non-linear effects were included, the analysis can predict the collapse
loads of the shell.

A third approach to the problem of shells of revolution under arbitrary loads was
presented by Stricklin, et at. [3J who used a finite element method to calculate deformations
and stresses.

The problem of creep in shell structures has attracted an increasing interest in recent
years. So far, however, the attempts to solve the problems theoretically have been limited
to special cases such as axial symmetry [4-10]. In most ofthese attempts, the deformations
have been calculated in a direct way as functions of time [4-9J, while in [10J the results in
plastic buckling of shells were extended to the creep case by use of isocronous stress-strain
curves.

A first attempt to analyze the creep behavior ofa cylindrical shell under arbitrary loads
was made in [IIJ and the present work is a continuation of that effort.

The governing equations for a circular cylindrical shell subjected to secondary creep
are derived. The general procedure of [12] is followed. Non-linear terms are retained in
the analysis and the effect of non-uniform temperature distributions and initial imperfec­
tions are included. The method of solution of the general set ofnon-linear partial differen­
tial equations is similar to that by Ball [2J. The non-linear effects are taken into account
through an iterative procedure in which the non-linear terms at a certain iteration step are
determined from the solution obtained in the previous step, or, for the very first step, from
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the linear solution. The non-linear terms may then be added to the external load terms and
can thus be regarded as pseudo loads. By expansion of the deflection and the load terms
into Fourier series with respect to the circumferential coordinate, a series ofsets ofordinary
differential equations is obtained, one set for each Fourier index. As these sets are derived
from the "linearized" general equations, in which the non-linear terms are regarded as
pseudo loads, they can be solved independently of each other. The coupling, which does
exist between the different sets of equations is accounted for through iteration.

The loads of the elastic shell are applied in small steps and the integration in time in
the presence of creep is carried out by use of small time steps. For each incremental load
or time step, the non-linear terms from the solution at the previous step are used as a first
estimate. An iterative procedure is then applied until convergence is obtained.

ASSUMPTIONS

The following assumptions are made:
1. The material is characterized by linear elasticity according to Hooke and secondary

creep governed by the power law.
2. The shell wall can be replaced by a double membrane model, Fig. 1; this is commonly

done in problems where creep is involved.
3. Normals to the undeformed middle surface remain straight and normal during the

deformation of the shell.
4. Terms representing geometrical non-linearities are included in the kinematics

relations and in the equations of equilibrium according to the Donnell approxima­
tion.

5. Radial stresses are negligible.

THEORY

The derivation of the governing differential equations was done along the lines of
Ref. [12], Chapter 5. However, second order terms are retained in the equations of equilib­
rium and kinematics and a secondary creep strain component is introduced in the relation
for the material behavior.

Middle
surface

R

Axis of

CYlinrr

I

I

FIG. 1. Definition of the double membrane model.
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Material properties

The material is assumed to be isotropic, the elastic part of the stress-strain relation being
governed by Hooke's law. Furthermore, the creep law is required to be of the form:

The extension of (1) to the case of two-dimensional stress can be written as :

ex ~(ax - va",)+ B(3l)(m- ll/2(G'x-1G'",)+I1T

8", ~(a '" - vaX)+ B(3I)(m-l)/2(G'", -tG'x)+ 'IT

. = 2(1 + v). +3B(31)(m-l)/2
Yx'!' E ·x", ·X'!'

where the stress invariant I is defined by

1= G'; = 1(G';+G';-O"xG'",+3t;",).

(1)

(2)

(3)

Equilibrium

The internal and external forces and moments acting on a shell element are defined in
Figs. 2 and 3. The conditions of equilibrium yield the following four equations:

RN~+N~x = -PxR

RN~+R2N~",-M~-RM~",= _p",R2

M~+RM~",+RM;x+R2M~+RN", = (Nfllw' +RNxfllwT +(R 2N xw' +RNxfllwT +PrR2 (4)

RNxfII-RN'!'x+Mfllx = O.

Here the shear forces have been eliminated. The linear terms ofthese equations are identical
to those by Fliigge [11).

Sandwich shell model

The sandwich shell model is utilized in the analysis. It was shown in [9] that if the
distance between the two membranes is chosen such that the bending stiffness of the

Ox + O;dx Nx+N,.' dx

FIG. 2. Definition of the inlernal forces.
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FIG. 3. Definition of internal moments.
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model is the same as that of the real shell, use of this model leads to an estimate of the
critical time in creep buckling which is very close to that obtained with more accurate
multi-membrane models. Hence it is assumed that, see Fig. 1:

b=h/.J3. (5)

Deformations

According to Fltigge [12], pp. 212 and 469, the strains are related to the displacements
in the following way:

ex = u' -zw" +tW,2

(6)

In the sandwich model the strains are represented by the values at the midpoint of
each layer, that is Zl = b/2 and Z2 = -b/2, where Zl and Z2 are the z coordinates of the
outer and inner membranes respectively. Insertion of these values and rearrangement of
the equations yield the following strain~isplacement relations

ex1 -ex2 = -bw"

ex1+ex2 = 2u' +W,2

(7)

2 . 2' 2k'o 2 , 0Yx<p1 +Yx<p2 = liu + v + w +liw w.
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Assembling the equations

The following notations will be used below:

D = Eh/(1 - y2)

K = Eh 3/12(1- y2)

K h2 b2

k = DR2 = 12R2 = 4R2'

The relations between forces and bending moments and stresses are:

(8)

(9)

(10)

(11)

(12)

The relations above define the complete set ofgoverning equations for a circular cylindrical
shell. It is convenient to work with a set of equations in terms of the deformation compon­
ents u, v and w. Therefore, the strain rates, given by (2), are inserted in the kinematic expres­
sion (7). The result is a set of six equations for the unknown stress rates axl - t X'f'2' which,
after reduction, yields:

. E [2'/ 2y ,. b' /I 4v k ,·, 2v( J .
O'xl = 2(1-v2) u +Ii v - W --,; W +R 1- k)w

a /2 v a '2 J
+at W +R2 at W +H l +H2+v(H3 +H4 )

. E [2'/ 2v ,. b'" 4v k ··· 2v(! Jk)'
O'x2 = 2(1-v2) u +Rv + W +-,; W +R + W

a /2 v a 2 J
+at W +R2 at W ' -Hl +H2-v(H3 -H4 )
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Here the "creep terms" H c H 6 are defined as:
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(12
contd.)

(13)

f

H1,2 = -[B(311)(m-1)/2(uX1-1uq>lHB(312)(m-1)/2(uX2-!Uq>2)+"t1 =t"t2]

H 3,4 = - [B(31 1)(m-1)/2(Uq>1 -1uxd=t B(312)(m-1l/2(Uq>2 -!Ux2)+"t1=t"t2]

H = - 3B[(31 )(m-l)/2 t -+ (31 )(m- 1)/2... ]
5,6 1 xq>l 2 'xq>2 .

By combination of (11), (12) and the equilibrium equations (4), the governing equations are
finally expressed in terms of the deflection rates U, vand w:

1-v 1+v (1-V 1-v )R2u"+-
2
-U"+R-

2
-v"+Rvw'+k -2-u"-R3w"'+R-

2
-w'"

R
2

, R 2 0 ( , ") 0 ( . ,.) 1(1 ) 0 ( ,.. ,..)= --p - - ww -v- ww -- -v - ww +w w
D x ot ot 2 ot

_ ~2 [Hi +vH~+.jk(H~+ vH~)]+R 1~vH(, = P

R 1+Vu'· +v..+R21 - vv" +w· +k(3(1- v) R2v"- 3- vR2WII.)
2 2 2 2

R
2

, R 1+ v a( , ") R 1- v 0 ( "') 1 a( , ..)= --p - -- - w w - -- - w w -- - w w
D q> 2 at 2 ot R ot

-~[VHi+H4+.jk(VH·1 +H3)]+R2(~-V)[2.jkH~+(1+k)H6] = Q (14)



R 2 1- v iJ a
= --p +R--k-(w'w,oo+w"2+ w"woo +w"'w')+R3k-(W"2+ W'W"')

D r 2 at at

98 LARS AKE SAMUELSON

(
I-V 3-v ..)

Rvu' +lj' +w+k -2-Ru'oo -R3u'" --2-R2V'" +R4 wIV +2R2w"oo +W· +2w" +w

(14
contd.)

Rk a( . ". "2) 1R a('2) 1 a( '2)+v -WW +W -- V-W ---wat 2 at 2R at

The fourth of Equations (4) is identically satisfied due to the fact that !xcp = rcpx' The linear
part of equations (14) is identical with Fltigge's (Ref. [12], equations (13), p. 219).

Boundary conditions

Four different sets of boundary conditions were considered in the investigation.
Case CI. Simple support.

x = 0:

u = v = w = M x = 0

x = L:

v = w = M x = 0
(15)

Case C2. Classical simple support. In this case an axial force is assumed uniformly
distributed around the circumference.

x = 0:

v = w = M x = 0

N x = -N/2rr.R

x = L:

v = w = M x = 0

N x = -N/2rr.R.

(16)
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Case C3. Clamped edges.

x = 0:

u=v=w=w'=o

x = L:

v = w = w' = 0

f2"
- 0 N xR dq> = N.

99

(17)

Case C.4. Laterally unrestrained edges. In the study of a long cylinder with local im­
perfections and subjected to uniform axial compression or external pressure, the following
procedure may be applied: Assume that the imperfections are of equal form and amplitude
and are uniformly distributed along the axial and circumferential coordinates. Then the
small portions of the cylinder surrounding each imperfection may be analyzed separately
if the conditions of symmetry are applied at the boundaries. If the imperfections are very
localized the following equations are obtained.

x = 0:

u=v=w'=o

w = f(N, Pro t)

x = L:

v=w'=o

w = f(N, Pro t)

(2"- J
o

NxRdq> = N.

(18)

Initial imperfections

Initial imperfections play an extremely important role in certain cases of uniform
loading of cylindrical shells. It is therefore important that the effect of initial defects is
included in the analysis.

In the following, it will be assumed that the shell has an initial radial displacement Wo

which is a function of the spatial coordinates. In the equilibrium equations (4) the dis­
placement w represents the total displacement and these equations are thus still valid. On
the other hand, it is assumed that the shell is stress-free in the unloaded state which means
that the strains given by (6) must vanish. As the total deflection w in the unloaded state is
equal to the initial imperfection wo, it is clear that w in the linear part of (6) must be replaced
by (w - wo). Simple geometrical considerations also imply that the non-linear terms are
replaced by for instance 1(w,2 - w!:).

The final equations (12) and (14) were derived by use of (6) through differentiation with
respect to time. As Wo = 0, the final equations are thus valid in their original form where it
is assumed that w = Wo for zero load.



100 LARS AKE SAMUELSON

Method of solution

In the general equations (14), the non-linear terms and the creep terms were placed on
the right-hand side ofthe equality sign together with the load terms. It is assumed that at a
certain iteration, the solution at the previous step or the previous iteration cycle is available.
This solution is used to estimate the values of the non-linear terms at the current iteration.
The equations are solved repeatedly until convergence is obtained. The expression defined
by the symbol P in (14) may be written as:

(19)

where tNL represents all the geometrically non-linear terms and Hc contains all terms
involving the creep functions H 1-H6' It is assumed that the right-hand sides of the general
partial differential equations may be expanded into Fourier series:

NF

P = Po + L p" cos n N pcp
"=1

NF

Q = L Q" sin n N pcp
"= 1

NF

R = Ro+ L R" cos nN pcp.
"= 1

(20)

Here the expansions for the external load terms PXn are given for the case to be analyzed.
The evaluation of the pseudo load terms tNLn involves an expansion of the product of two
Fourier series into a new series. This evaluation is done analytically as shown in Appendix A.
The creep terms HCn are functions of the stresses taken to the mth power, where m is the
creep exponent. These functions can be evaluated analytically only for odd integer values
of m. As m is in general a non-integer, a numerical integration scheme was used in the
evaluation of the Fourier terms of the creep functions. See Appendix B.

The solution of equations (14) is represented by:

NF

u(x, cp) = uo(x)+ L u"(x) cos n N pcp
"=1
NF

V(x, q» = Vo(x)+ L v"(x) sin n N pq>
"=1

NF
w(x,q» = wo(x)+ L w"(x) cos n Npq>.

"= 1

(21)

By insertion of (20) and (21) in the general partial equations (14), which were "linearized"
by regarding the non-linear terms as pseudo loads, a series of sets of ordinary differential
equations is obtained, one for each Fourier index n. The solution of these equation systems
is obtained by use of a finite difference method. Application of the commonly used central
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difference expressions leads to the following form for the general equations:

alWp-2+ a 2Up-l +a3vp-l +a4wp-1 +aSul'+a6up+l +a7vp+l +aSwp + 1 +a9wp+2 = Pp

al0up-l +al1vp-l +a12Wp-l +a13v p+aI4wp+aISup+I +al6v p+I +a17wp+I = Qp
(22)

alSu p-2 +a19wp-2 + a20up-I +a 2I vp -I +a22wp-1 +a23vp+a24wI' +a2SUI' + 1

+a26Vl' + I +a27WI'+ I +a2SUp+2 +a29WI'+2 = Rw

(23)

Changes in the
coefficients of the general
equations at point J1 = 2.

as = 3al (coefficient of W2)

as = as -O'5a l

a22 -. a22- 1'5a I9

a24 -. a24+ 3a 19

a27 -. a27-0'5a19

Equations (21) form, together with the appropriate boundary conditions, a set of algebraic
equations with a strongly banded matrix as shown in Fig. 4, one set for each Fourier index.

There is one set of these equations for each Fourier index n at each interior mesh point J1.
The boundary conditions provide eight additional conditions for each Fourier index.
These conditions apply for the mesh points at the edges, J1 = 1 and J1 = Nx and also modify
the general equations (22) at the neighboring points J1 = 2 and J1 = N x -1. As an example,
the boundary conditions corresponding to case C3, equations (17) at the edge x = 0 give:

x =0::;>

ul = 0

VI = 0

WI = 0

a4 -. a 4 -1'5a l

I:::"""" } Mesh point 1
WI HI
III PI
vI "I

} Mesh point 2
Wz Hz

xxxxx )(XXX liZ Pz
xxxx xx-xx Vz (}z
xx w3 H3
x xxx xxxxxx 113

P
3

x V 3
. "3

W4 H4

114
P4

V
4 (}4

I'Band width 15 elements I
FIG. 4. Matrix of coefficients in the system of algebraic equations for the deflection rates 14, vand w.
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These equations are conveniently solved by means of Gaussian elimination and as the
coefficients ai in (22) do not change from one iteration to another, this elimination need
be done once only for a given case. The method used is described in [13]. The factored
matrices are stored throughout the computations and are used to operate on the successively
changing right-hand sides.

Flow of calculations

The general equations (14) are valid for the analysis of stresses and deformations in a
cylinder subjected to creep. However, if the creep terms Hi are disregarded and C) is inter­
preted as differentiation with respect to some loading parameter p, the equations are valid
for an elastic shell subjected to changing external loads.

The computer program developed for the numerical analysis [13] can handle problems
involving any number of load changes separated or followed by creep periods during which
the external loads are constant. In general, it is possible to treat problems of creep under
continuously varying loads, but it was shown in [14] that such a procedure is not economical
because it requires a very small time step. It is therefore preferable to approximate the
load history by a step function.

The analysis is carried out along the following lines: First the general input data are
read into the program, together with initial imperfections, if such are included. Then the
load changes are read in and the initial load step is prescribed. The incremental deflections
and stresses are computed for each incremental load step by application of an iterative
procedure. The first approximation is provided by the solution obtained in the previous
load step or, for the first load step in each loading sequence, by the linear solution. A
convergence criterion is applied to each Fourier coefficient at some fixed meridional
coordinate. It is required that

(24)

where e is an input parameter.
In the creep case it is necessary to choose a sufficiently small time step in order to ensure

an adequate accuracy. On the other hand, a too small time step leads to higher computer
times and therefore a condition similar to the convergence criterion (23) was adopted:

(25)

If this condition is not satisfied, the time step is multiplied by either a factor of ! or 2,
depending on whether the ratio is bigger than Au or less than A L • Suitable values of e, A L

and Au were determined by repeated computations with successively modified values of
these parameters. An adequate accuracy for most purposes was obtained with e and
A L '" 0·01--0·02 and Au '" 0·02--0·05.

RESULTS

A limited numerical analysis has been performed which demonstrates the applicability
of the program.
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Collapse of elastic shells.

In the classical theory of cylindrical shells subjected to uniform pressures, the buckling
load is obtained through solution of an eigenvalue problem. However, it is well known that
experimentally determined buckling pressures are always lower than the classical load.
This is due to the fact that shells are sensitive to initial defects, which are always present in a
real shell, and the classical theory was developed for perfect shells. The load-deflection
characteristic of a cylindrical shell under axial compression is shown in Fig. Sa. With
increasing load, the amplitudes of the deformations caused by an initial imperfection will
grow until collapse occurs and the buckling load is extremely sensitive to the amplitude of
the imperfection. This behavior is different from that of an elastic column, Fig. Sb, for
which the buckling load P is independent of the initial imperfection.

As the present analysis takes initial defects into consideration, it can be used for calcula­
tion of collapse loads. In particular, the buckling load obtained should agree with the
classical solution independently of the shape and size of the imperfections, provided these
are sufficiently small. A small deviation from uniformity of the external pressure would

_ Classical buckling load

Increasing imperfection
amplitude

Load -deflection curves for
imperfect cylinders

Deflection

FIG. Sa. Load-deflection characteristic of an imperfect cylinder.

~

'tl

"o...J

Increasing eccentricity

Deflection
FIG. Sb. Load-deflection characteristic of an imperfect column.
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have the same effect as an initial imperfection. For verification of the method of analysis,
such an example was analyzed. The collapse pressure was calculated for a cylinder with
R/h = 100, L/R = 1and E = 5000. According to the classical buckling theory [11] buckling
occurs into 8 waves at a pressure of p = -0,051. A small nonuniform pressure was first
applied, given by

~p = 0·0006 (cos 2qJ +cos 4qJ +cos 6qJ +cos 8qJ). (26)

A uniform pressure was then applied step wise until large deflections were obtained for
small changes in load, thus indicating that the collapse load was approached. The results
of the calculations are demonstrated in Fig. 6 in the form of deflection amplitudes at the
midpoint of the shell, (x = L/2), as functions of the load. It appears that the 8th harmonic
of the deformation function dominates and collapse occurs for a load slightly lower than
the classical buckling load. This result should be expected since the cylinder under external
pressure is imperfection sensitive, although not to the same extent as cylinders in axial
compression.

It has been verified by additional test cases that the same behavior is obtained if initial
non-symmetric imperfections are prescribed instead ofa pressure disturbance. Furthermore,
it has been found that if the amplitudes of the initial imperfections are decreased, within

-I
10

Classical
buckling
load Pcr

'" Ifi"-.J 4
:to

.n
.~
t;.,
~
"0 liS'e.,
:§.,
~

'0..c.,
c: -4
0 10a.
E
0
u

1·0

P

FIG. 6. Load-defIection curves for a cylinder with R/h = 100, L/R = I and E = 5000 subjected to
radial pressure.
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practical limits, the classical buckling load of the shell is approached. Severe imperfections
on the other hand can lead to drastic reductions in the collapse load.

Collapse under creep
A cylindrical shell subjected to non-uniform external loads will, in the presence of

creep, develop time dependent deformations and may eventually collapse. An example is
given here which demonstrates the nature of the solution for a cylinder under circumfer­
entially varying radial pressure:

(a) Non-uniform external pressure. A cylinder with LIR = 5, Rlh = 100 and E = 5000
is subjected to a non-uniform radial pressure of the form:

P, = -0,001 cos 2cp. (27)

Under uniform external pressure, this cylinder buckles at Po = -0·0093 according to the
classical theory. The creep response to the nonsymmetricalload is demonstrated in Fig. 7.

100 r-------------...--..,

."," I
I

!!
I
Ite It

c: II
.2 "v I,

.!!
li..,
E
!!
.!2
II
£' 0·1

"0

'"e
IIc:

I0a. IE I0
u I

Cylinder under
cos 24> looding

P' Po cos 24>

10

0·001 ~o--1---a:!----l.--...LIS,....--...I---.,J24

t X 10-4

FIG. 7. Deflection-rate history of a cylinder under non-uniform external pressure. R/h = 100, LIR = 5,
E = 5000 and n = 5·8.
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The amplitudes wn in the Fourier expansion for the radial deflection rate Wat the mid-point
of the shell are shown as functions of time. It may be noted that although the applied load
contains only the second harmonic, equation (27), displacements occur in higher harmonics
as well. These are, however, quite small and collapse occurs into 2 waves. It is interesting
to notice that although the deflection rates are large at the time t = 19·5 X 10- 4

, see Fig. 7,
the total deflections are still very small. For an outside observer, collapse would therefore
seem to occur nearly instan'taneously.

(b) Uniform radial pressure, imperfect shell. It was stated in the previous section that in
order to predict a non-symmetric collapse ofa cylindrical shell by use of the present method,
it is necessary to prescribe a certain non-symmetric disturbance. It was also stated that in
the elastic buckling of cylinders the analysis will provide a buckling pressure smaller than
or equal to the classical buckling load as soon as some type of non-symmetric disturbance
is prescribed which allows the critical mode shape to develop.

In the presence ofcreep, the critical time ofa shell corresponds to the critical load in the
elastic case, but the value of the critical time is even more dependent on the type and
magnitude of the initial imperfection. In particular, the critical time of a cylinder under
external pressure approaches infinity if the imperfections tend to zero. The same behavior
has been found in the creep buckling theory of columns [15J and [17J, which, as was pointed
out above, are not imperfection sensitive in elastic buckling. According to [16J, the critical
time in creep for an idealized H-section column is approximately: t* = Cln(l + 4/a~)

where C is a constant and ao is the initial imperfection amplitude.
In the following examples, the large influence on the creep behavior of the shape and

magnitude of an initial imperfection is demonstrated. It may be assumed that a cylinder
under radial pressure is sensitive to imperfections of the form:

(

N ) nx
Wo = I WOn cos mp sin-.

n=O L
(28)

The results of a few calculations in which this type of imperfection function is included are
shown in Fig. 8. The cylinder, L/R = 2·1 and R/h = 27 was loaded by a uniform pressure
equal to one quarter of the classical buckling load. Classical buckling theory predicts buck­
ling into 4 waves. The imperfection functions used in the three cases are included in Fig. 8
which gives the amplitudes wn at the midpoint of the shell as functions of time.

In case 1, the coefficients in the Fourier expansion for the imperfection function were all
equal. The critical time in creep is according to Fig. 8, 250 sec and buckling occurs into
4 waves. The imperfection function used in case 2 is the same as that of case 1, but the
amplitudes have been increased by 25 %. A calculation of the elastic collapse load indicated
a small difference between the two cases; the critical load was about 75 %of the critical
load for the perfect cylinder in case 1 and 70% in case 2. However, the critical time is
according to Fig. 8, decreased by approximately ! of that of case 1. The critical time is
thus very sensitive to the imperfection level.

In example 3, a different imperfection shape was assumed with a large component in
the second harmonic. Also, the amplitude of the 4th harmonic is bigger than that of the
previous examples 1 and 2, but the higher harmonic components are small. Although the
total amplitude of the imperfection is much larger than those ofthe previous examples, the
critical time is much higher, approximately 1000 sec. This example demonstrates the
extreme sensitivity of the creep behavior on the shape of the imperfection.
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------ -0·0020(cos 2l/J+cos4l/J+cos6l/J+cos8l/J) 250
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400300100o 200
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FIG. 8. Load-deflection history of an imperfect shell under uniform radial pressure R(h = 27, L(R = 2,1,
n = 3'5.

(c) Axial compression, perfect shell. The axisymmetric behavior of a circular cylinder
under axial compression has been analyzed by a number of investigators [4-9], which give
the axisymmetric collapse mode and the associated critical time. The present program
was, for verification, also applied to this case.

Results are shown in Fig. 9 for the axisymmetric creep behavior of a simply supported
cylinder with LIR = 1, Rlh = 100 and E = 5000. The radial deflection at a time close to
the critical is shown in a 3-dimensional plot. The collapse time may be defined as the time
at which the maximum radial deflection rate, which appears close to an edge, becomes
large. In the present case the critical time is found to be approximately 2·4 hr. This value
agrees with the results obtained from the theory for axisymmetric deformation ofcylinders
presented in [9]. However, it is indicated in [9] that in comparison with experimental results
the theory overestimates the critical time. Even for the fairly thick cylinders which do buckle
axisymmetrically, theoretical experimental results can differ by a factor of two. It is possible
that at least part of this discrepancy is due to initial imperfections.

(d) Axial compression, imperfect shell. In the following, the cylinder geometry is the
same as in the previous examples used, but imperfections of the form (28) were added.
Calculations were carried out for two cases with the Fourier indices 0, 4, 8, ... ,16 included
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FIG. 9. Radial deflection pattern of a perfect cylinder subjected to axial compression. R!h = 100,
L!R = I, E = 5000, n = 5-8, t "" 2'2 hr.
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in the series expansion. The amplitudes of the Fourier terms in the initial imperfection
function were all given identical values for each case. Two imperfection levels were investi­
gated, namely wOn = -0,05 and wOn = -0,10. These initial deformations are shown in
Figs. lOa and lOb. The critical times obtained in the analyses were respectively ter = 1·3
and 0·6 hr, which should be compared to the time ter = 2·4 hr obtained for the perfect
shell. It is evident that the presence of an imperfection of the form used (28) may have a
drastic influence on the creep behavior of the shell.

The deformation patterns of the shell in the two cases are shown in Fig. 11 at times
close to the critical. It is found that the symmetrical deformation mode is fairly well de­
veloped in the first case Fig. lla and a fairly large, nearly symmetric bulge appears close to
the edges of the cylinder. In the second case the non-symmetric deformation modes
dominate.
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FIG. lOa. Initial imperfections for cylinder with Woo = -0,05.
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These observations agree qualitatively with those of the experimental investigation
of [19]. There it was found that cylinders with approximately the same geometry as those
used in the present examples would develop a visible, nearly axisymmetrical bulge close
to the edge shortly before collapse occurred. For cylinders with R/h <40, a non-symmetric
buckling pattern developed. It was, however, also observed in some tests that bifurcation
buckling occurred before a visible edge deformation had developed, which, in accordance
with the results of the second case above, could have been caused by fairly severe imperfec­
tions.

In a last example, a cylinder with R/h = 100, L/R = 1 and with boundary conditions
according to equations (18) was studied. A local imperfection with a length of 20 % of
the total length and containing the Fourier terms No.4, 8, 12 and 16 was assumed which
implies that this imperfection was repeated over 900 arcs. The amplitudes WOn were
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FIG. lOb. Initial imperfections for cylinder with wo" = -0'10.
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chosen equal to - 0·01. The applied stress was the same as that used in the previous
examples, namely (J = 12 kg/mm 2

• The critical time obtained for the imperfect cylinder
was tcr ~ 6 hr. The radial deformation immediately before .collapse is shown in Fig. 12.
As the critical time in this case is higher than that obtained for a perfect cylinder buckling
axisymmetrically due to disturbances at the edges it may be concluded that the special
type of imperfection assumed is not critical for the cylinder.

CONCLUDING REMARKS

A theory was presented for the analysis of the creep behavior of circular cylindrical
shells under non-uniform loads. As non-symmetric initial imperfections are considered,
the analysis is also useful for calculation of the general, nonsymmetric mode of creep
collapse of cylinders under uniform loads.
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• I

FIG. Ila. Radial deflection pattern of an imperfect cylinder subjected to axial compression. R/h = 100,
L/R = 1, E = 5000, n = 5'8, wOn = -0'05, t '" I·2hr.
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The computer program was verified for the elastic case by comparison with known
solutions. It was found that the collapse load predicted by use of the analysis approached
the classical buckling load when the initial imperfections were decreased towards zero.

In creep buckling, the critical time was found to depend on the amplitude and shape
of the imperfection. In particular, the critical time of a cylinder under axial compression
was found to decrease substantially in comparison with that of a perfect shell if initial
imperfections of a certain shape and with an amplitude of less than *of the wall thickness
were introduced. The critical time of a cylinder under radial pressure tends to infinity for
infinitesimal imperfections. Hence it appears that a rigorous solution of the problem of
creep buckling of cylindrical shells under uniform loads can only be obtained if the initial
imperfections are considered.
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F I

FIG. lIb. Radial deflection pattern of an imperfect cylinder subjected to axial compression. R/h = 100,
L/R = I, E = 5000, n = 5,8, woo = -0·10, t '" 0·55 hr.
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FIG. 12. Radial deflection pattern of a cylinder with a local imperfection. R/h = 100, L/R = 1(symmetry
conditions), E = 5000, n = 5·8, t ~ 5·8 hr.
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APPENDIX A

Evaluation of the product of two Fourier series

In the analysis above, the problem of expressing the product of two Fourier series in
terms of one arises, Thus, the coefficients Cm are sought:

Nt ( NF ) ( NF )
m~0 Cm sin mq> = n~o an sin nq> k~O bk cos kq> .

(At)

(A2)
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The product may be evaluated according to:

(
NF {sin} )( NF { Sin} ) NF NF {Sin} {Sin}L an ncp L bk ncp = L L anbk ncp kcp

n=O cos k=O cos n=O k=O cos cos

where either sin or cos is used.
Now, the well known trigonometry functions

{
2 cos A cos B = cos(A + B) +cos(A -B)

2 sin A sin B = -cos(A +B)+cos(A -B)

can be applied, yielding:

115

(A3)

(A4)

NF NF {Sin} {Sin} 1 NF NFL L anbk ncp kcp = -2 L L ±anbk(cos(n+k)cp
n=O k=O cos cos n=O k=O

1 2NF

+cosln - klcp) = 2/~o c/ cos lcp. (AS)

APPENDIX B

Evaluation of the creep terms He
The creep terms given by equations (12) have to be developed into Fourier series. As the

exponent m is an arbitrary constant it is not possible to do this operation in the same way
as for the non-linear terms without much additional labor. Therefore, the Fourier coeffi­
cients are calculated numerically in the following way: First evaluate the stresses from:

NF

a l -4 = L an cos nNpcp
o

NF

a 5.6 = L an sin nNpcp.
1

(B1)

Then, the creep terms of equations (12) are evaluated at a number of equi-distant points
N FIS along the circumference. It is assumed that the number of points used is so large that
the creep functions may be approximated by straight lines between these points, which is
also, in a first approximation, assumed to apply to the trigonometric functions. Then we
have

(B2)

(B3)

Now, provided the number ofcircumferential mesh points is sufficiently large, the integrals
of equations (25) may be obtained from:

1 i'PNP 1 NFIS-1 ,
Fo = - Fdcp ~ - ,L F'L\cp.

CPN p 0 CPN p ,= 1
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(B4)
2 i"'NP {Sin nNpqJ} 2 NFIS-l ,{Sin nNpqJ;}

Fn = - F dqJ ::::: - L F' !1qJ
qJN p 0 cosnNpqJ qJNp ;=1 cosnNpqJi

according to the trapezoidal integration formula. Advantage has been taken of the fact
that F 1 = FNFIS due to the assumption of symmetry.

(Received 14 November 1968; revised 18 Apri/1969)

A6cTpaKT-LJ.aeTclI MeTO,lJ, pac'leTa KpyrJlblX UIlJlIlH,lJ,pll'leCKIlX 060JlO'leK, nO,lJ,BeplKeHHbiX BJlllllHll10

HepaBHOMepHoi1 BHewHei1 Harpy3KIl. YpaBHeHllll CnpaBe,lJ,JlIlBbl ,lJ,Jlll yMepeHHO 60JlbWIlX nepeMell.\eHIIH II

YHIlTblBaIOT BTopOCTeneHHylO nOJl3y'leCTb. Y'IIITbIBaIOTCll TaKlKe TepMII'IeCKlie 3Ijl<!JeKTbl H Ha'laJlbHble

HenpaBIIJlbHOCTIl.

npllHIIMall BO BHIlMaHlie HeJlIlHei1Hble 06ll.\lle ypaBeHllll, IICnOJlb3yeTclI IITapaUHOHHblH cnoc06 '1I1CJleH­

HorO paC'IeTa. PaCCMaTpllBalOTClI, KaK H3BeCTHble, HeJlIIHeHHble '1JleHbl npH onpe,lJ,eJleHHOJ!. HTepaUIIII,

nOJlY'leHHble paHbwe B npe,lJ,bl,lJ,YUlei1 HTepal.\lIll. MOlKHO IlX paCCMaTpliBaTb B Ka'leCTBe nCeB,lJ,O Harpy3KII,

npHJlaraeMble B CMblCJle Harpy30K K ,lJ,eHCTBIITeJlbHbIM '1JleHaM Harpy3KH. Pa3JlaralOTClI nepeMeHHble

3TIIX JlIIHeapll30BaHHbiX ,lJ,1I<!><!JepHl.\lIaJlbHbIX ypaBHeHIlH B Pll,lJ,bl <!>YPbe, HCnOJlb3Yll nOJlllpHylO KOOp,lJ,IlHaTy.

B pe3YJlbTaTe nOJlY'laeTClI Pll,lJ, CHCTeM 06blKHOBeHHbiX ,lJ,1I<!><!JepeHUllaJlbHbIX ypaBHeHHH, no O,lJ,HOH CHCTeMe

,lJ,Jlll KalK,lJ,oro K03<!><!>lIl.\lleHTa <!>YPbe. PeMalOTCll CHCTeMbl ypaBHeHIlH, HCnOJlb3Yll MeTO,lJ, KOHe'lHbIX

pa3HocTei1. YpaBHeHllll peMalOTCll HeCKOJlbKO pa3 ,lJ,Jlll KalK,lJ,OrO CKa'lKa HarpY3KII HJlH bpeMeHH BnJlOTb

,lJ,0 nOJlY'leHllll CXO,lJ,IlMOCTM.

Pa3pa60TaHO nporpaMMy ,lJ,Jl1l BblHCJlHTeJlbHoli MaWHHbt H npOBepeHO, nyTeM cpaBHeHHlI, C H3BeCTH­

blMIi peweHllllMIl ,lJ,Jlll ynpyroro BbllIY'lHBnHHll 060JlO'leK. YKa3blBaeTCll TeopeTH'IeCKOe 1l0Be,lJ,eHHll

I.\IlJlIlH,lJ,pa npll HaJlIl'l1l1l nOJl3Y'IeCTIl ,lJ,Jlll HeKOToporo '1HCJIa pa3HblX yCJlOBllit Harpy3KH. B oc06eHHOTCH,

HCCJle,lJ,yeTclI peaKl.\llll 060JlO'lKH C Ha'laJlbHbiMIl HeUpaBHJlbHOCTllMII, 1I0,lJ,BeplKeHHoit BJlHlIHHIO O,lJ,HOMe­

pH011 Harpy3KII. LJ.n1l CJlY'lall BHeWHero ,lJ,aBJleHlIlI, KOHcTaTllpyeTclI, 'ITO KpHTH'IecKoe BpeMft '1pe3Bbl'laHHO

'1ycTBHTeJlbHO Ha HenpaBHJlbHOCTb <!>OPMbl. nOKa3blBaeTClI, 'ITO ,lJ,JlH KopOTKoro I.\HJlHH,lJ,pa, ClKlIMae·

Moro B oceBOM HanpaBJleHHH, HaJlH'Ille Ha'laJlbHbiX HenpaBIIJlbHOCTeli cOKpalUaeT K 3Ha'lHTeJlbHoli CTeneHII

,lJ,ei1cTBlie nOJl3Y'lecTIl no cpaBHeHll10 C KPIITII'IecKIiM BpeMeHeM, COOTBeTCTBYIOll.\HM ocecHMMeTpll'lecKOMy

pa3pyweHllIO H,lJ,eaJlbHOH 060JlO'lKIl.


